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On a quantum version of Ellis joint continuity theorem 

Biswarup Das^ and Colin Mrozinski^ 

Abstract 

We give a necessary and sufficient condition on a compact semitopological quantum semi¬ 
group which turns it into a compact quantum group. In particular, we obtain a generalisation 
of Ellis joint continuity theorem. We also investigate the question of the existence of the Haar 
state on a compact semitopological quantum semigroup and prove a “noncommutative” version 
of the converse Haar’s theorem. 

AMS subject classification: 81R15, 22A15, 22A20, 42B35, 81R50 

1 Introduction 

Compact semitopological semigroups i.e. compact semigroups with separately continuous product 
arise naturally in the study of weak almost periodicity in locally compact groups. For example, the 
weakly almost periodic functions on a locally compact group G form a commutative C*-algebra 
WAP(G') whose character space G^^^ becomes a compact semitopological semigroup. From an 
abstract algebraic perspective, one can come up with necessary and sufficient conditions on a 
semigroup, which make it embeddable (by which we mean an injective group homomorphism) 
into a group (for example. Ore’s Theorem for semigroups in [4, pp. 35]). However in general, 
such abstract conditions do not produce a topological group. The added difficulty in obtaining a 
topological group from a semitopological semigroup, lies in the fact that not only the semigroup 
should have a neutral element and existence of inverse of all elements, but one also requires the 
joint continuity of the product and continuity of the inverse. 

In fact, the transition from semitopological semigroups (i.e. separate continuity of the product) 
to topological groups (i.e. joint continuity of the product, existence and continuity of the inverse 
and existence of a neutral element) may be achieved in two different ways: 

(a) A (locally) compact semitopological semigroup becomes a topological group by requiring that 
the semigroup is algebraically (i.e. as a set) a group. This is known as Ellis joint continuity 
theorem (see [10]), which plays a fundamental role in the theory of semitopological semigroups. 

(b) A (locally) compact semitopological semigroup with a neutral element and an invariant mea¬ 
sure of full support is a (locally) compact group. This is known as converse Haar’s theorem 
(see [14]). 

In the recent years, “noncommutative joint continuity” has been extensively studied under the 
heading of the “topological quantum groups”, which we shall take to mean C*-bialgebras, probably 
with additional structures, such as (locally) compact quantum groups. A recent work (see [6]) 
addresses the issue of “noncommutative separate continuity”, through the formulation of weak 
almost periodicity of Hopf von Neumann algebras, and in particular, it gives a notion of compact 
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semitopological quantum semigroups [6, Definition 5.3] which are quantum analogues of compact 
semitopological semigroups. 

In this paper, we aim at connecting “noncommutative separate continuity” with “noncommmu- 
tative joint continuity” through studying noncommutative analogues of (a) and (b). Our main aim 
in this paper is to show that a compact semitopological quantum semigroup with “weak cancellation 
laws” (see Definition 4-1) can be looked upon as a quantum analogue of a compact semitopological 
semigroup which is algebraically a group. Upon establishing this, we prove a quantum version of 
Ellis joint continuity theorem: 

Theorem 4.5 (Quantum Ellis joint continuity theorem^. A compact semitopological quantum 
semigroup is a compact quantum group if and only if it satisfies weak cancellation laws. 

Specializing this to a compact semitopological semigroup, we get a new proof of the Ellis joint 
continuity theorem ([10]). It also extends the previously known equivalence of weak cancellation 
laws and Woronowicz cancellation laws in the context of compact quantum (topological) semigroups 
[15, Theorem 3.2]. 

We also prove a converse Haar’s theorem for compact semitopological quantum semigroup: 

Theorem 5.2 (Quantum converse Haar’s theorem^. A compact semitopological quantum 
semigroup with a bounded counit and an invariant state is a compact quantum group. 

These two theorems are deduced from the following general result which we prove in Section 3: 

Theorem 3.15. A compact semitopological quantum semigroup S := (^, A) satisfying the assump¬ 
tions: 

1. there exists an invariant mean h £ A* on S, 

2. the sets Lin{a -k hb : a,b £ A} and Lin{/ia -kb : a,b £ A} are norm dense in A 
is a compact quantum group. 

The paper is organised as follows: We introduce some terminology and notations in Section 2. 
Section 3 is devoted to a series of results, leading to the main theorem of this section (Theorem 
3.15). Finally in Sections 4 and 5 we give possible applications of the result obtained in Section 

3. In Section 4 we prove a generalization of Ellis joint continuity theorem (Theorem 4.5) and in 
Section 5 we prove a quantum version of converse Haar’s theorem (Theorem 5.2). 
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2 Compact semitopological quantum semigroup 


Throughout the paper, the symbols (8> and (8> will denote respectively von Neumann algebraic 
tensor product (spatial) and minimal C*-algebraic tensor product (spatial). For a Hilbert space 
H, Bq{H) will denote the C*-algebra of compact operators on H. By SOT* topology on B{H), we 
will mean the strong* operator topology. For two Hilbert spaces Hi and H 2 , Hi (8) H 2 will denote 
the Hilbert space tensor product. For a C*-algebra A, we will identify the bidual A** with the 
universal enveloping von Neumann algebra of A. For w € H.*, the symbol w will denote the unique 
normal extension of uj to A**, and for a non-degenerate *-homomorphism vr : A —)• B{H), vf will 
denote the normal extension of tt to A**. For a von Neumann algebra N with predual we will 
refer to the weak* topology on N as the ultraweak topology on N. 

We begin by briefly recalling the definition of a compact semitopological quantum semigroup, 
building upon the motivations coming from the classical situation. All this has been extensively 
explained in [6]. 

2.1 Classical compact semitopological semigroup 

We call a compact semigroup S a semitopological semigroup if the multiplication in S is separately 
continuous i.e. for each s G S, t ts and t ^ st are continuous. We collect some facts about 
bounded, separately continuous functions on S' x 5, which have been discussed in details in Section 
3 of [6] (also see [7]). 

Let SC{S X S) denotes the algebra of bounded, separately continuous functions on S x S. Define 
a map 

A : C(S) ^ SC{S X S) by A(/)(s, t) := f{st) (V / € C(S) and s, t G S). 

An argument similar to the proof of Proposition 4.1 in [7] shows that A can be viewed as a unital 
*-homomorphism from C{S) to C'(S)**®C(S)**, where C{S)** is the bidual of C(S), identified with 
the universal enveloping von Neumann algebra of C{S). Moreover, it follows from the discussions 
in Sections 3 and 5 of [6] that {J1 (8> id)(A(/)) G C(S)^and also (id (8> G C{S). ^ 

Associativity of the product in S implies that (A (g) id) o A = (id (g) A) o A, where A is the 
normal extension of A to C{S)**. 

2.2 Compact semitopological quantum semigroup 

The discussion in Subsection 2.1 allows us to formulate the following definition of a compact semi¬ 
topological quantum semigroup (see Definition 5.3 in [6]): 

Definition 2.1. A compact semitopological quantum semigroup is a pair S := (^, A) where 

• A is a unital C*-algebra, considered as a norm closed C*-subalgehra of A**. 

• A : A —)■ A**(g)A** is a unital *-homomorphism satisfying 

(A ig id) o A = (id g A) o A, 

where A is the normal extension of A to A**. As usual, we will refer to A as the coproduct 
of§. 
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• For oj ^ A 


{u ® id)(A(x)) G ^ ; (id 0 w)(A(x)) G A (Vx G A), 
where uj is the normal extension of lv to A**. 

SC 

Remark 2.2. In the notation of Definition 5.3 in [6], A : A —> A iSi A. However, in this paper 
we will not use this notation. 

Example 2.3. 

1. If S is a compact semitopological semigroup, then ((7(5), A) is a compact semitopological 
quantum semigroup. 

Conversely, if the C*-algebra A in Definition 2.1 is commutative, then it follows that A = 
C{S) for some compact semitopological semigroup S. 

2. A compact quantum group is a compact semitopological quantum semigroup. 

3. The following theorem implies that a unital C*-Eberlein algebra (Definition 3.6 in [5]) is a 
compact semitopological quantum semigroup (also see the comments after Definition 5.3 in 
[ 6 ]). 

Theorem 2.4. Suppose (A, A,V,T-L) is a C*-Eberlein algebra (see Definition 3.6 in [5]) with A 
being unital. Then {A, A) is a compact semitopological quantum semigroup. 

Proof. Let f,,r] gH and consider the functional G -B('H)*. Then we have that 

A((id(8)a;5,^)(E)) = ^(id (g) We,,^)(l/) (g) (id (g) a;5,eJ(E), 
iex 

for some orthonormal basis {cjjjgx of H, where the sum obviously converges in the ultraweak 
topology of A**®A** but also converges in A** (g)eh A**, the extended Haagerup tensor product 
(see [2], where it is called the weak*-Haagerup tensor product). Now by Lemma 2.5 in [2], it 
follows that if / G A*, then both the sums ^j(id <gi a;ei, 77 )(E)/((id <g wg^ei)(^)) and X^j/((id(gi 
a;ej,r))(k^))(id (g) a;^^ei)(k^) converge in the norm topology of A**. This coupled with the dehnition 
of C*-Eberlein algebra (Definition 3.6 in [5]) imply that (id (g) /)(A((id <g) a;^^,j)(l/))) G A and also 
(/ (8) id) (A((id (g) a;^^^)(l/))) G A. 

Since the set {(id <g) : ^,r/ € H} is norm dense in A, it follows that (id ® /)(A(a)) G A 

and (/ <g> id)(A(a)) G A for all a G A, f G A*. This proves the claim. □ 

3 The general framework 

In this section we obtain a general result (Theorem 3.15) on when a compact semitopological 
quantum semigroup is a compact quantum group. This will be extensively used in the following 
sections to obtain generalizations of Ellis joint continuity theorem and converse Haar’s theorem. 
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3.1 Some observations 


Let § := (^, A) be a compact semitopological quantum semigroup as in Definition 2.1. The 
coproduct A determines a multiplication in A* given by 

A * /i := (A (8) o A (A, ^ G A*), 

such that A* becomes a dual Banach algebra i.e. is separately weak*-continuous, and A 

becomes a A*-A* bi-module: 

a * A := (A (8> id)(A(a)) G ^ ; A * a := (id (8> A)(A(a)) G A (V a G A G A*). 

For a (z A and A G A*, we define the functionals Aa := A(a—) and aX := A(—a). 

Definition 3.1. A state h G A* is an invariant mean if 

(id ® h){A{a)) = h{a)l = (/i (g) id)(A(a)) (V a G A). 

In this section, we will show that a compact semitopological quantum semigroup satisfying 
the following assumptions is a compact quantum group in the sense of [17]. Our proofs are the 
semitopological counterpart of the proof of Theorem 3.2 in [15]. 

Assumption 1. There exists an invariant mean h G A* onE>. 

Assumption 2. The sets Lin{a -khb : a,b G A} and Lin{/ia -kb : a,b G A} are norm dense in A. 

In Sections 4 and 5 we will study concrete, natural situations where these assumptions are 
satisfied. 

3.2 Preliminary results 

In this subsection, we consider a compact semitopological quantum semigroup § := (A, A) satisfying 
the assumptions 1 and 2. 

The following result may be well-known, but we include a proof for the sake of completeness. 

Lemma 3.2. Let H, K be Hilbert spaces and U,V G B{H^K). Suppose is an orthonormal 

basis for H and f G H. Let pi := (wej,^ ® i'){U) and qi := ® ^)(P)- Then for any L Cl we 

have 

II < II '^PiP^WW'^qiQiW- 

Proof. For i G X let Pi be the rank one projection of H onto Ccj. Then = id/f where the 

sum converges in the SOT* topology of B{H). It follows that the sum converges in the 

SOT* topology as well. From this we can conclude that the series ® icl)(^(-P* 1)^) = 

converges in the SOT* topology of B{K). Similar arguments hold for the series Yhi^iPi-Pt 
and qiqi-: that the RHS and LHS of the above inequality are finite. 
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Let us estimate the norm of the operator Let u,v £ K such that ||u|| < 1 and 

||u|| < 1. From the above discussions it follows that the series v) consisting of scalars 

is convergent. Moreover, we have that 

'^\{pmu,v)\ < ^ ||%u||||p*u|| 

ieL ieL 

<(Eii9'“iLhE 

ieL ieL 

ieL i£L 

Thus we have 


\C^PiqiU, 

^)l = 1 '^{pmu, 

v)\ 

ieL 

ieL 




v)\ 


ieL 



< iW'^PiPil 

l) = (llE9.'9ill)" 


ieL iGL 


from which the result follows. □ 

We will also be using the following: 

Proposition 3.3. (Lemma A.3 in [11]) Let C be a unital C*-algebra and {xa)a C C be an in¬ 
creasing net of positive elements such that there exists a positive element x £ C so that uj{x) = 
sup{co{xa)} for all states uo. Then Xa —x in norm. 

Lemma 3.4. Let ® denote the injective tensor product of C*-algebras. Then we have 

1. A IS) Ac (^(g) 

2. As Ac 

where || • is the norm in A. 

Proof. For a,b £ A let U := A(6) S 1 and "F := (A (g) id)(A(a)). Let h denote the invariant state 
of §. Considering A C B{IC) where 1C is the universal Hilbert space of A, we see that there exists 
f £ 1C such that h := We have 

{hSldS id)([/F) = {hSldS id) ((A S id)((fe S l)(Aa))) 

= 1 (g ((/i (g id)((6 S l)(Aa))) 

= 1 g) a * hb. 

Note that U,V £ H**g)H**g)H**. Consequently we have 

{hSldS id)(C/F) = (g id (g id){UV) = g id <g id)(f7)(a;^^ei g id g id)(F), 

iCZ 
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where {ei)i^x is an orthonormal basis for /C, the sum being convergent in the ultraweak topology 
of A**^A**. 

At this point we may observe that 

O id (g) id)(C/) = ® id)(A(6)) (g 1. 

The series id)(A(6))(a;^^ei id)(A(6*)) converges in the ultraweak topology of A**. 

Since § is a compact semitopological quantum semigroup, it follows that 

Of := ® id)(A(6))(a;^_ei ® id)(A(6*)) e A {F cl, |F| < oo). 

ieF 

Moreover, we see that the net {aF)Fd is increasing and converges in the ultraweak topology of 
A** to 0 id){A{bb*)) = h(bb*)l € A. Thus, by Proposition 3.3 {aF)Fcx converges in the norm 
topology to h{bb*)l. Thus, the net 

:= ® id (g id)(C/)(w^,ei id (g id)(C/*) {Fcl, |T| < oo) 

ieF 

converges in the norm topology. This observation and Lemma 3.2 state that the sum 

<g id (g id){U){uj^^ei id (g id)(P) 

iCI 

converges in the norm topology of A**(gA**. 

For each i G X, (wei,^ (g id (g id)(C/) G A ig 1 and 

® id g id)(lL) = (cu^^ei g id g id) (A g id)A(a) 

= g id g id) (id g A) A (a) 

= A((w^,e. g id)(A(a))) G A(A). 

Thus, (wei,^ g id g id)(17)(ti;^^ei g id g id)(l^) G (A g l)A(A) which shows that 


1 g a * G (A g 1) A(A) 
Since S satisfies Assumption 2, we have 


Ag A c (Ag l)A(A) . 

We may repeat the same argument with §°p := (A, r o A), where r : A**gA** —A**gA** is the 
flip, to conclude that 

A g A c (1 g A)A(A)''''''^. 

This proves our claim. □ 
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Let % denote the GNS Hilbert space of A** associated with h and denote the cyclic vector. 
We will adopt the convention that whenever we write for a € H and ^ (z H, we mean that A 
acts on H via the GNS representation of h. Note that the set {a^o • ® S A} is norm dense in H. 
As before, we consider A C B{}C) where JC is the universal Hilbert space of A. 

We omit the proof of the following result, which is similar to the proof of Proposition 5.2 in 
[12], using here Lemma 3.4. 

Lemma 3.5. There exists a unitary operator u on fC <^'H given by 

u{r] ^ a^o) := A{a){r] ^ {r]eJC,aeA). 

For a G*-algebra B, Mi{B) and Mr{B) will denote the set of left and right multipliers of B. 

Lemma 3.6. The operator u (resp. u*) belongs to Mr{A 0 BqIJ-L)) (resp. Mi{A ® Bq{'H))). 

Proof. We will prove that u* G Mi{A®Bq(1-L)) . For a G A and G TL, let 0^2, G B^fH) denote the 
rank one operator given by := Gonsider the operator G B{IC<Si7i). 

Let rj € JC and ^ G We have 

(''^*(1 = K (1 G > a)(l 0 - 

Now by Lemma 3.4, we see that 1 <8) o can be approximated in norm by elements of the form 
'^i=i ^{bi){ci (8) 1) where bi, Cj G A for i = 1, 2,..., A;. By a direct computation we can verify that 

(A(bi)(ci (8) 1)(1 (8>%,5o))(^®0 = u{Y,Ci^9^i^biio)ih^C) (r? G /C,^ G U), 

i i 

so that we have 

k 

11 «* (1 ® ,<0) - X] ® -L«011 = 11 «* (1 ® «) (1 ® ,«o) - « X] ® 11 

2=1 i 

k 

< ll6llll6llll(l®o)-J]A(6i)(Q8)l)|| ^0. 

2=1 

Thus we ended up proving that u*(l (8> 9^2,a4o) € A (8) Bq{'H). Since is arbitrary and A acts 
non-degenerately on B, it follows that u*(l (8* x) G A (8) B^ifK) for all finite rank operators x G 
Bq{'H) which in turn implies that u*(l (8> x) G A (8> Bq{B) for all x G BolB). This proves that 
u* G Mi{A^Bo{H)). □ 

Lemma 3.7. For u G B{'H)^, the set {(id 8) a;)(u) : tv G B{'H)^} is norm dense in A. 

Proof. Let us first show that {(id(8)w)(u) : tv G H('H)*} C A. Let a,b € A and gi,g 2 £ 
have 

((id8 Wa«o,6«o)(^)^i>^2) = {u{m ®aCo),m 8> 6^o) 

= (A(a)(??i (8) ^o),r]2 8> 6Co) 

= ((id 8 h){l 8 b*)A{a)rii,ri2). 
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This proves that (id® = (id® h){l ® b*)A(a) and since § is a compact semitopological 

quantum semigroup, it follows that (id ® h){l ®J>*)A(a) € A. 

By Assumption 2 , elements of the form (id® h)(l® 6 *)A(a) are total in A in the norm topology. 
This observation, coupled with the fact that A acts non-degenerately on "H imply that the required 
set is norm dense in A. □ 

Moreover, we have: 

Lemma 3.8. We have that u G A**0B(1-L). 

Proof. Define the following CB map from —> A** given by 

uj —)• (id ® uj){u) {to G B{'H)^). 

From Lemma 3.7 it follows that (id ®ijj){u) G A C A**. It now follows that u G A**®B{T-L). □ 

Lemma 3.9. We have (A ® id)(u) = U 23 U 13 . 

Proof. Let b,c G A and ?7i ,772 £ We have 

U23{b ® 1 ® c){r]i ® 772 ® ^ 0 ) = 7723(^771 ® 772 ® c^o) 

= (id ® A)(6 ® c){r]i ® 772 ® ^o)- 

Now we can approximate A(a) in the weak operator topology of B(/C®/C) by elements of the form 
bi ® Cj, such that bi, Cj G A for all i. Using this in the above equation we get: 

77237713(771 ® ?72 ® < 0 ) = (id ® A)A(a)(77i ® 772 ® Co)- 
On the other hand we have 

(A ® id){b ® y) (771 ® 772 ® a^o) = ^{b){rii ® m) ® yafo- 

Since by Lemma 3.8 we have u G A**0B{'H), again approximating u by h ®yi where h[s G A 
and y[s G B{T-i) in the weak operator topology of i?(/C ® 77), we may replace the left side of the 
last equation by 

(A ® id) (u) (771 ® 772 ® 0 ^ 0 ) ■ 

Let us consider the right side of the equality. Let 77^,772 G /C and A G 77. We see that 

(A( 6 )( 77 i ® 772) ® 7/<o,77i ® 772 ® A) = ((/® id)( 6 ® y)(a^o),A), 

where / := ^r)i(^ri 2 ,v[^v '2 ° Replacing / by a normal functional of the form Wr;i ,772 771,772 G /C 

and approximating u by linear combinations of elements 6 ® 7 / as in the left side, we have 

id)(u)(aCo), A) = (( id)(A(a))(eo),A). 

Thus, for any normal functional / G B{JC)^, we have 

((/ ® id)(77)(a^o), A) = ((/ ® id)(A(a))(^o), A). 
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Thus, taking / = ^r)i 0 ri 2 ,v{^V 2 ° ^ arrive at the equation 

(A ig) id)(A(a))(r/i (g ry 2 g Co) = (A g id)(u)(??i g r /2 g aCo)- 
By coassociativity of A, it follows that 

(A g id)(u)(??i g r /2 g aCo) = (id g A)A(a)(ryi g ??2 g Co) = U23Ui3{'ni g h 2 g oCo)- 
This proves the result. □ 

Remark 3.10. {A, A,u*,T-L) is a C*-Eberlem-algebra in the sense of [5]. 

We closely follow the techniques given in Section 6 of [12], We will borrow some standard 
notations from the representation theory of topological groups. Let Mor(tt) denote the set of all 
operators x G B{%) such that u(l g x) = (1 g x)u, i.e. operators x G B{'H) which intertwines u 
with itself. 

Lemma 3.11. We have Mor{u) n Bq{'H) / {0}. 

Proof. Let x G Bq{'H) and consider the operator u*(lgx)u G A**®B{'H). By Lemma 3.6, it follows 
that M*(l g x) G ^ g Bq{'H). Again, applying Lemma 3.6 to u*(l g x) and considering u as a right 
multiplier, we get u*{\ g x)u G A g Bq{T-L). Let y := {h® id)(u*(l g x)u) G Bq{'H). We have 

(A g id)(u*(l g x)u) = u\^U 2 ^{l gig x)n 23 Ui 3 . 

Applying (id g /i g id) to both sides of this equation and using the translation invariance of h we 
arrive at 

1 g y = u*(l g y)u. 

Since u is unitary, we get u(l g y) = (1 g y)tt, and y G B^ifK). 

Suppose y = 0 for all x G B^ifK). Let {xa}a&A £ Bo{'H) be an approximate identity, converging 
to 1 in the ultraweak topology of B{'H). It follows that 

0 = ya := (h g id)(u*(l g Xa)u) — (h g id)(l g 1) = 1, 

a contradiction. Hence y / 0 for some x G Bq{'H), which proves the result. □ 

Lemma 3.12. There exists a set {cq : a G X} of mutually orthogonal finite-dimensional projections 
on TL with sum 1 and satisfying 

u{l g Ca) = (1 g ea)u (V a G T). 

Proof. Let B := {y G Bo{'H) : u(lgy) = (Igy)u}. By Lemma 3.11, we have B ^ il). Moreover, B is 
a norm closed subalgebra of B{PL). By Lemma 3.5, u is unitary which implies that B is self-adjoint. 
Thus B is a C*-subalgebra of Bq{'H). 

By Lemma 3.11, {h g id)(M*(l g x)u) G B for all x G Bq{'H). Let {x\)\ C Bq{'H) be an 
increasing net of positive elements such that x\ —^ 1 in the ultraweak topology of B{TL). Then 
yx := {h g id)(u*(l g xx)u) —^ {h g id){u*u) = 1. This implies that B acts non-degenerately 
on TL. Thus, we may select a maximal family of mutually orthogonal, minimal projections in B 
say {ca '■ a G X} which are finite-dimensional as B C Bq{TI). Non-degeneracy of B implies that 
= 1- This proves the assertion. □ 
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3.3 Main result 

We recall the definition of a compact quantum group from [17, 12]. 

Definition 3.13. A compact quantum group G := (^, A) consists of a unital C*-algebra A and a 
unital *-homomorphism A : A — ^ A® A such that 

• A is coassociative: (id (8> A) o A = (A (8) id) o A, 

• (1 (g) A)A(A) and {A ® 1)A(74) are norm dense in A® A (Woronowicz cancellation laws). 

The following result from [17, 12] justifies the word “quantum”. 

Proposition 3.14. Let G := {A, A) be a compact quantum group with A commutative. Then 
A = C{G) for a compact group G. 

Theorem 3.15. A compact semitopological quantum semigroup § := (^, A) satisfying the assump¬ 
tions 1 and 2, that is: 

1. there exists an invariant mean h € A* on S, 

2. the sets Lin{a -k hb : a,b £ A} and Lin{/ia -kb : a,b £ A} are norm dense in A. 
is a compact quantum group. 

Proof. From Theorem 3.12, it follows that u = (BaeiUa where Ua ■= u{l ® e^). So each Ua £ 
A**®B{Ha) where Ha := ea(H) and also H = (BaexHa. Thus, from Theorem 3.7 it follows that 
the linear span of the set {(id <8> u;)(u) : u: £ B{Ha)* a £Z} is norm dense in A. Let dimFto, = m 
and l/i}™! be an orthonormal basis for Ha. Note that we have (A G id)(uQ) = Ua 23 Uai 3 . Taking 
^,r] £ Ha we have 

m 

A((id(8) = (g) UJf^^r|){Ua) G (id (g> u:^J^){ua) £ A^ A. 

i=l 

This implies that A(A) C A 0 A. This observation and Lemma 3.4 now implies that the sets 
A(A)(A G 1) and A(A)(1 G A) are norm dense in A G Thus S := {A, A) is a compact quantum 
group. □ 

Remark 3.16. Note that in Definition 2.1 if we take A : A —> A(^ A, then the resulting objeet 
S := (^, A) is a compact quantum (topological) semigroup as defined in [15]. Thus, Theorem 3.15 
generalizes Theorem 3.2 in [15]. 

The next corollary gives a situation when a compact semitopological quantum semigroup sat¬ 
isfies Assumption 1 but need not satisfy Assumption 2. This shows that in general there is no 
relation between the two assumptions. 

Let us recall a few facts on quantum Bohr compactification and quantum Eberlein compactifica- 
tion of quantum groups (see [16, 5]). Let G be a locally compact quantum group and (Cq (G), A„) 
be its universal version. Let (AP(C'q (G)), A) denote its quantum Bohr compactifiction (see [16, 
Proposition 2.13]) and E{G) := {£{G), Ag,,UG, Hg,) be its quantum Eberlein compactification (see 
[5, Theorem 5.2]). By Theorem 2.4, we see that (£’(G), Ag) is a compact semitopological quantum 
semigroup. By construction AP(C'o(G)) C £^(G) C M(C'o (G)), A = and Ag = 

where A„ denotes the strict extension of A^, to M(Cq(G)). 
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Corollary 3.17. The following facts are true: 

(a) The compact semitopological quantum semigroup (£^(G),Ag) satisfies Assumption 1. 

(b) Let (AP(C'q (G)), A) be reduced. Then (£^(G),A([j) satisfies Assumption 2 if and only if G is 
a coamenable compact quantum group. 

Proof. From [5, Theorem 4.6] it follows that (T(G), Ag) satishes Assumption 1, which proves (a). 

Let h denote the invariant mean on (T(G), A^), and assume it satisfies Assumption 2. Suppose 
G is non-compact. Then by Theorem 3.15 it follows that (T(G), Aj;) is a compact quantum group. 
From [16, Proposition 2.13] and the discussions in [16, Section 3] it follows that T(G) = AP(C'q (G)). 
From the remarks after [5, Theorem 5.3] it follows that C'q(G) C T(G) = AP(C'q(G)). From [5, 
Proposition 5.4] it follows that h annihilates C'q(G). Since (AP(C'q (G)), A) is reduced, this implies 
that Cq (G) = {0}. This leads to a contradiction. Hence G must be compact. Coamenability of G 
now follows from the fact that AP(C“(G)) = (^“(G) and (AP(C'“(G)), A) is reduced. 

Suppose G is coamenable and compact. Compactness of G implies (by [5, Theorem 5.1]) that 
£^(G) = AP(C'“(G)) = C'^{G). Thus (T(G), A^j) becomes a compact quantum group and it satisfies 
Assumption 2. This proves (b). □ 

Remark 3.18. Corollary 3.17 implies the following: 

(a) Let G be a locally compact, non-compact group. Suppose is the Eberlein compactification 
of G. Then the commutative compact semitopological quantum semigroup {G{G^), A) (see 
Section 2.1 for the definition of A) satisfies Assumption 1 but does not satisfy Assumption 2. 

(b) Suppose G is a locally compact, non-compact, non-discrete and non-abelian group, such that 
Gd (G with discrete topology) is amenable. Let G := {G*{G),Aq) denote the universal 
dual quantum group of G. From the discussions in [5, Section 8] it follows that the Eber¬ 
lein compactification of G namely £{G) is the closure of the image of the measure alge¬ 
bra M{G) = Cq{G)* inside M{G*{G)). Moreover, letting A' := Ag|^^g^ it follows that 

{£{G),A') is a noncommutative compact semitopological quantum semigroup. The fact that 
Gd is amenable implies that (AP(G),A) (the quantum Bohr compactification of the univer¬ 
sal dual quantum group G) is reduced (see [16, Proposition 4-S])- Thus by Corollary 3.17 
it follows that the noncommmutative compact semitopological quantum semigroup {£{G),A') 
satisfies Assumption 1 but does not satisfy Assumption 2. 

Remark 3.19. The compact semitopological quantum semigroup {£{G),A') appearing in Remark 
3.18 (b) is cocommutative i.e. A' = t o A', where r is the tensor flip. It is a well-known fact 
(see [8, Theorem 4-^-4]) that all cocommutative locally compact quantum groups are precisely group 
C*-algebras of locally compact groups. It is tempting to conjecture that all cocommutative compact 
semitopological quantum semigroups also arise from group C*-algebras of locally compact groups, 
somewhat as in Remark 3.18 (b). However at this stage, it is not clear to us whether such charac¬ 
terizations are possible in general. 

In the following sections, we consider situations where we can apply Theorem 3.15. Our moti¬ 
vations are results by Ellis in [10] and by Mukherjea and Tserpes in [14]. In particular, we provide 
new proofs of these results in the compact case. 
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4 Quantum Ellis joint continuity theorem 

In [10], Ellis showed that a compact semitopological semigroup which is algebraically a group is a 
compact group. A simplified proof of this was given in [9]. The key point in this proof was to show 
that a group which is also a compact semitopological semigroup, always admits a faithful invariant 
mean. In fact the compact case plays an important role in the theory of weakly almost periodic 
compactification, in particular, in the structure theory of the kernel of a semigroup. 

We will prove an analogous result for compact semitopological quantum semigroup, which in 
particular will give a new (C*-algebraic) proof of Ellis Theorem (Corollary 4.6). However, for that 
we first need a noncommutative analogue of the condition “algebraically a group”. This is discussed 
in the following paragraph. 

In what follows, S will denote a compact semitopological semigroup and S will denote a compact 
semitopological quantum semigroup. 

4.1 A necessary and sufficient condition on C{S) for S to be algebraically a 
group 

Our aim here is to identify a necessary and sufficient condition on C{S) which implies that S is 
algebraically a group. 

Definition 4.1. A compact semitopological quantum semigroup S := (A, A) is said to have weak 
cancellation laws if it satisfies: 

Lin{a -kujb : a,b £ = A = Lin{a;6 ★ a : a,b £ A}^^ 

for every state tv £ A*. 

Remark 4.2. The weak cancellation laws in Definition f.l are inspired by [15]. 

In the classical case, we have the following. 

Theorem 4.3. Let S be a compact semitopological semigroup. The following are equivalent: 

1. S is algebraically a group, 

2. (C(5),A) has weak cancellation laws. 

Proof. Assume that S is algebraically a group. Note that the pure states on C{S) are the evaluation 
maps evy, y £ S. Fix an element y £ S. It follows that the map Ry : S —> S given by 
X xy is a homeomorphism. Thus R* : C{S) — > C{S) given by R*(/)(s) := f{Ry{s)) is a 
C*-algebra isomorphism. It is easy to check that Ry{f) = (id (8) eVy){A{f)). Thus C{S) = Ran R* 

= Linjeuj; -k f : f £ C'(5')}^^ Similarly considering the map Ly : S — > S given by x i->- yx, we 

have C(5) = Ran L*y = Un{f k eVy : / G C'(5)}"'''°°. 

Let uj £ C{S)* be a state. Since C{S) is commutative, it follow that the set X -.= {f £ 
C{S) : uj{f* f) = 0} is a 2-sided ideal in C{S). Let (vr, H) denote the GNS triple associated with 
the state tv and let A^ := tt{C{S)). It is easy to see that I being a 2-sided ideal, kervr = I. So the 
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functional ujr G A* defined by ujr{T^{f)) '■= oj{f) for / G C{S) is a well-defined faithful state on Aj.. 

Put L := Lm{u}f^g : f,g G C'(S')}^^ and let g G C{S)* be such that g{L) = 0. In particular, 
we have, for all f,g G C{S), 

*g) = w/)(A(5)) = 0. 

Rewriting the last equation in terms of iOr we have, for all x,y G C{S), 

0 = (fi(giujf){A{g)) 

= (J1 ^ UJr-K if)) {{id ^ TT){A{g))) 

= {'jl^L0^.7r{f)){{id^n){A{g))) 

= (^r{'n:{f){{Jl(^^){A{g))). 

The fact that uJr is faithful on A^ and Cauchy-Schwarz inequality imply that, for all g G C{S), 

{g0^){A{g)) =0). ( 1 ) 

Since A^ is commutative, there exists a nonzero multiplicative functional A G A*. Thus A o tt : 
C{S) —>■ C is a non-zero multiplicative, bounded linear functional. Thus there exists s G S such 
that A o TT = evs- Applying (id 0 A) to equation (1) we have, for all g G C{S), 

g(^{id (g A o TT){A{g))) = ^((id 0 ctJ(A(c/))) = g{evs * /) = 0. 

The fact that Ran R* = C{S) implies that g{f) = 0 for all / G C{S), and we must have C{S) = 

Lm{ujf -kg : f,g G C'(S')}^^ Similarly we can show that Lm{gkcof : f,g G C'(S')}^^ = C{S). 

Since oj G C{S)* was arbitrary it follows that (C'(S'), A) has weak cancellation laws. 

Let us introduce the kernel of S, denoted by K{S), defined as the intersection of all two sided 
ideals of S. By Theorem 2.1 in [3], S has minimal left and right ideals. Moreover, each minimal 
left or right ideal is closed. This fact coupled with Theorem 2.2 in [3] imply that K{S) ^ 0. 

We first show that S has right and left cancellation laws. For p,q,r G S let pq = pr. By the 
hypothesis C{S) satisfies 

{fkevpg: /, 5 G C(S)}"'"“ = C{S). 

We have 

{f kevpg){q) = g{p)f{pq) 

and 

{f kevp){r) = g{p)f{pr). 

The equality pq = pr implies that (/ * evpg){q) = (/ * evpg){r) for all f,gG C{S). The hypothesis 
that Lin{f kevpg : f,gG (^(R)} is a norm dense subset of C{S) yields f{q) = f{r) for all / G C{S) 
which proves that q = r. Thus S has left cancellation. 

Similarly using the other density condition in the hypothesis we can prove that S has right 
cancellation. 

So S' is a compact semigroup with right and left cancellations. We complete the proof by 
showing that S has an identity and every element in S has an inverse. 
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For any x G K{S), since xK{S) C K{S) and xK{S) is a closed ideal in S, we have xK{S) = 
K{S). So there exists e G K{S) such that xe = x. Multiplying to the right by y € S' and using 
the fact that S has left cancellation, we get that ey = y for all y G S. Then multiplying the last 
equation by any element a G S from the left and using the fact that S has right cancellation, we 
get ae = a for all a G S. Thus e is the identity of S and in particular K{S) = S. 

Let s G S. As before we have sK{S) = sS = K{S) = S, so that there exists p G S such that 
sp = e. Thus s has a left inverse. Similarly we can argue that s has a right inverse. Since s G S 
was arbitrary, it follows that every element of S has an inverse. Thus S is algebraically a group.□ 

4.2 Compact semitopological quantum semigroup with weak cancellation laws 

As a consequence, we obtain a generalization of Ellis joint continuity theorem. But before that let 
us make one crucial observation concerning the existence of the Haar state. 

Theorem 4.4. A compact semitopological quantum semigroup S with weak cancellation laws admits 
a unique invariant mean. 

Proof. We briefly remark on the arguments needed for this proof, which are similar to the arguments 
in [15]. Suppose § satisfies weak cancellation laws. We may repeat the exact arguments in the proofs 
of [15, Lemma 2.1, Lemma 2.3, Theorem 2.4 and Theorem 2.5] to obtain the existence of a unique 
bi-invariant state h on §.□ 

Theorem 4.5. ('^Quantum Ellis joint continuity theorem^.' A compact semitopological quan¬ 
tum semigroup § := (A, A) is a compact quantum group if and only if it has the weak cancellation 
laws. 

Proof. By Theorem 4.4, S has a unique invariant mean, say h. By the hypothesis the two sets 
{ha -kh : a,b G A} and {a-k hb : a,b G A} are total in A in norm. Thus by Theorem 3.15, S is a 
compact quantum group. The converse easily follows by observing that Woronowicz cancellation 
laws imply weak cancellation laws.n 

Specializing to the commutative case, we have a new proof of Ellis joint continuity theorem. 

Corollary 4.6. (Ellis joint continuity theorem^; Let S he a compact semitopological semigroup 
which is algebraically a group. Then S is a compact group. 

Proof. On C{S) define the map A : C(5) ^ C{S)**^C{S)** by A(/)(s,t) := f{st). From 
the discussions in Subsection 2.1 it follows that (C(S'),A) is a compact semitopological quantum 
semigroup. It follows from Theorem 4.3 that (C'(S'),A) has weak cancellation laws. Hence by 
Theorem 4.5 (C'(S'), A) is a compact quantum group which implies that S' is a compact group.□ 

A comparison with the classical proof of Ellis theorem in compact case 

In [9] the authors gave a proof of Ellis theorem for compact semitopological semigroups by using 
tools from the theory of weakly almost periodic functions on topological groups. We give a brief 
account of their proof, since it is the closest in spirit to our techniques. 
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Let 5 be a locally compact semitopological semigroup, which is algebraically a group. Suppose 
WAP{S) and AP{S) denote respectively the algebra of weakly almost periodic and almost periodic 
functions on S. It is a highly non-trivial fact in the theory of weakly almost periodic functions that 
WAP{S) admits a unique invariant mean m, such that for / € AP(S) with / > 0, m(f) > 0. The 
existence of such a mean can be proven using Ryll-Nardzewski hxed point theorem [3, Corollary 
1.26]. If in addition S is compact, it follows from the theory of weakly almost periodic functions 
that WAP{S) = AP{S) = C{S), which implies that the invariant mean on C{S) is faithful. 

Let e be the identity of S and assume that the map S' x S' 9 (a, r) a~^T G S is not continuous. 
This means that there exists a neighbourhood W B e such that for all neighbourhoods U 3 e, there 
exists {cru,Tu) & U x U such that cr^^Tjj ^ W. Let N be the directed set of neighbourhoods 
of e with ordering by inclusion. Compactness of S allows us to get a net {rju := cr^^Tu}u such 
that lim 7 v??c/ = rj ^ e. Let / G C'(S) be such that /(e) ^ /(?/)• For s € S, denoting the right 
translation of / by s as Rsf, it follows that / ^ R-qf- Faithfulness of the mean m implies that 
(1/ — Rrff\,m) > 0. Using this and some more facts about weakly almost periodic functions, one 
arrives at lim]\f{\R^^ f — m) > 0. The proof is now completed by showing that the net of real 
numbers {{\R-quf — Rr]f\,'n^)}N has 0 as a limit point which leads to a contradiction. 

Theorem 4.4 is a quantum generalization of the result about the existence of invariant mean on 
C{S), where S' is a compact semitop ological group. However, unlike the classical case, this mean 
can have non-trivial kernel. For example consider a non-coamenable universal compact quantum 
group, where the Haar state will always have non-trivial kernel. So in particular. Corollary 4.6 
gives a proof of Ellis theorem, where one does not require the faithfulness of the invariant mean, 
and hence is fundamentally different from the above proof. 

It is worthwhile to mention that there are proofs of Ellis theorem in the compact case, using 
other sophisticated tools. For example in [13, Theorem 2.2], the authors gave a proof of Ellis 
theorem in the compact case using the theory of enveloping semigroups. However, such methods 
are far from our considerations. 

5 Converse Haar’s theorem for compact semitopological quantum 
semigroups 

The converse of Haar’s theorem states that a complete separable metric group which admits a 
locally finite non-zero right (left) - invariant postive measure is a locally compact group, with the 
invariant measure being the right (left) Haar measure of the group. In [14] it was shown (see 
Theorem 1. (b)) that a locally compact semitopological semigroup admitting an invariant mean 
with full support is a compact group. We will prove a similar result for a compact semitopological 
quantum semigroup. 

Definition 5.1. Let S := (^, A) be a compact semitopological quantum semigroup. A bounded 
counit for § is a unital *-homomorphism e A ^ C such that (£(S> id) A = id = (id (S> e)A. 

Theorem 5.2. Let § := (A, A) be a compact semitopological quantum semigroup, admitting a 
faithful invariant state h and a bounded counit e. Then S is a coamenable compact quantum group. 

Proof. If we show that S is a compact quantum group, its coamenability will follow from Theorem 
2.2 in [1]. By hypothesis, § satishes Assumption 1 of Section 3. We will show that it satishes 
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Assumption 2. Let L be the closed linear span of elements of the form a-khb, with a,b G A, and R 
be the closed linear span of elements ha * b. Let us show that L = R = A. We will only show that 
L = A, the proof for R = A being identical. Let a; G A* be a non-zero linear functional on A that 
vanishes on L. In particular, we have for all a,b a A 

0 = oj{a -k hb) = h[b{id 0 a;)A(a)), 

and since h is faithful, this implies that (id 0 a;)A(a) = 0. Applying the counit we get 

0 = e((id (8i w)A(a)) = w((e iX) id)A(a)) = ui{a). 

This implies that cu = 0, which proves that L = A and consequently § satisfies Assumption 2. 
Therefore it follows from Theorem 3.15 that § is a compact quantum group. □ 

Restricting to the commutative case, we have 

Corollary 5.3 (Theorem l.(b) in [14]). A compact semitopological semigroup with identity admit¬ 
ting a non-zero invariant mean with full support is a compact group. 

By virtue of Remark 3.16, we also have the following as a special case (Theorem 4.2 in [1]); 

Corollary 5.4. Let S ;= (A, A) he a compact (topological) quantum semigroup with a bounded 
counit, admitting a faithful invariant mean. Then S is a coamenable compact quantum group. 
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